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CHATTERING-FREE TRACKING CONTROL OF A FULLY
ACTUATED MULTIROTOR WITH PASSIVELY TILTED ROTORS

Summary
In this paper, a control allocation scheme is presented for a multirotor type of an
Unmanned Aerial Vehicle (UAV). The control allocation scheme depends on the multirotor
configuration and rotor system parameters, and it enables analysis of dynamics of different
multirotor designs depending on the purpose and the task which the multirotor has to carry
out. The analysis of force and moment distribution in space shows that the non-flat design
with passively tilted rotors can overcome an inherent underactuated condition of flat
multirotor configurations. By increasing the tilt angle, the multirotor is able to achieve full
controllability over its six degrees of freedom (6 DOFs). A robust chattering-free sliding
mode asymptotic tracking control design of a fully actuated multirotor is presented. The
simulation results show satisfying tracking performance of the proposed controller.
Key words:

control allocation scheme, tilt angle, fully actuated multirotor, robust
tracking control, RISE control

1. Introduction
UAVs are expected to be used for a wide range of tasks and to operate in hazardous
conditions. UAVs can be classified into five main categories: I) rotary-wing; II) fixed-wing;
III) flapping-wing; IV) blimp; and V) hybrid UAVs. Rotary-wing UAVs have either variable
pitch propellers (helicopters) or fixed pitch propellers (multirotors). Because of their unique
ability to carry out vertical take-off and landing (VTOL) together with stationary and low
speed flight, multirotor UAVs are suitable for carrying out a variety of tasks.
Multirotor is a highly nonlinear, multivariable and inherently instable 6-DOF rigid
body. Challenges facing this type of UAV and research areas are described in [1]. Multirotor
UAVs can be classified as: a) flat (quadrotor, hexarotor, octarotor); b) coaxial flat (Y6, X8
multirotor); c) overlapping flat [3]; d) non-flat (passively or actively tilted) multirotor UAVs
and e) their combinations.
Development and design of multirotors are considerably constrained by their size,
weight and power consumption [2]. There are a few papers [3, 4] that deal with configuration
parameters important for the design of multirotors intended to perform different tasks such as
disaster site observations or search and rescue missions [5, 6].
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Several groups of researchers deal with novel configurations in order to change various
multirotor properties [7, 8]. A novel overactuated quadrotor UAV based on actively tilted
rotors proposed in [9] is able to overcome underactuation limitation. However, it requires
additional motors, which makes the system more complex and also increases power
consumption. Therefore, passively tilted non-flat configuration is more suitable for analysis
and realization. Furthermore, an analysis of the tilt angle parameter is given in [10]. The
drawback of the presented papers is a limitation in the mathematical representation of the
multirotor configuration, so the analysis is also restricted to specific multirotor parameters.
In this paper, a full nonlinear mathematical model of a multirotor UAV is described. It
is divided into rigid body dynamics and control allocation scheme. The control allocation
scheme describes a mapping of the rotor angular velocities to a control vector. Open loop
simulations enable analysis of the dynamics and energy consumption of different multirotor
configurations and rotor system physical parameters. The analysis of dynamics facilitates a
design of diverse multirotor configurations for various purposes. Force and moment
distribution in space show that the non-flat design with passively tilted rotors can overcome
the inherent underactuated property of flat multirotor configurations, hence the multirotor is
able to achieve full controllability and can decouple position from orientation. This fact has a
significant influence on the multirotor controller design. The non-flat configuration provides
six independent control variables, one for each degree of freedom, contrary to the flat
configuration, which provides only four independent control variables. Such a decoupling
control system design provides a more efficient realization of different control objectives,
such as rejection of external disturbances.
During outdoor flights, aircraft are very often struggling with wind gusts or other
environmental disturbances. Robust disturbance rejection control is presented in [11, 12]
including an experimental validation on a quadrotor test bed. A quadrotor robust tracking
controller is proposed in [13] with respect to the unmodelled dynamics which provides
rejection of disturbances, for the purpose of solving the trajectory tracking problem. In [14],
RISE (Robust Integral of the Sign of the Error) tracking control is presented.
The proposed control design is based on a fully actuated multirotor. The resulting
controller is based on sliding mode control laws for attitude and position control defined by
using the Lyapunov stability analysis proposed in [13]. The controller provides asymptotic
tracking in the presence of external forces, such as wind gusts. Although the controller
enables exponential tracking, chattering of control variables occurs. Therefore, the RISE type
of control is proposed to overcome the chattering problem while preserving asymptotic
tracking properties of the sliding mode controller.
The paper is organized as follows. In section 2, a mathematical model of the multirotor
is derived. Based on the tilt angle, a force moment mapping analysis is provided in section 3.
A design of a robust tracking control for a fully actuated multirotor is presented in section 4.
Simulation results are presented in section 5. Conclusion and future work is discussed in
section 6.
2. Multirotor mathematical model
The mathematical model describes multirotor dynamics and behaviour with respect to
the input values of the model and external influences on the multirotor. It can be considered as
a function that is mapping inputs to outputs. By using a mathematical model, it is possible to
predict position and orientation of a multirotor by knowing angular velocities of propellers,
i.e. the model enables computer simulation of multirotor behaviour in different conditions.
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Fig. 1 Multirotor mathematical model

It is necessary to define two Cartesian coordinate systems: the Earth fixed frame (Eframe, ℱ ) and the body fixed frame (B-frame, ℱ ). Some multirotor physical properties are
measured in ℱ , while some properties are measured in ℱ .
ℱ is the inertial right-handed coordinate system where the positive direction of the
axis is in the direction normal to the Earth ground level. The multirotor position =
] are defined in ℱ .
[
] and orientation = [
ℱ is fixed on the multirotor body and it is also a right-handed coordinate system. It is
assumed that the origin of ℱ coincides with the multirotor centre of gravity (COG) and that
the principal inertia axes of the multirotor body coincide with the ℱ coordinate axes. The
linear velocities
=[
] , angular velocities
=[
] , forces
=
[
] and moments = [
] are defined in ℱ .

ℱ
ℱ
Fig. 2 Multirotor coordinate systems

Motion equations are more suitable for formulation with respect to ℱ for several
reasons: the system inertia matrix is time-invariant, simplified equations because of the
multirotor frame symmetry, sensors measurements are easily converted to ℱ and control
variables equations simplification.
Kinematics of a rigid body with 6 DOFs is given by:
=

(1)

] is the generalized velocity vector in ℱ , = [
] is the
where = [
generalized velocity vector in ℱ , and is the generalized rotation and transformation
matrix.
×

=
where

(2)

×

is the rotation matrix which maps the linear velocity vector from ℱ to ℱ .
=

−

−
+

+
−

(3)

where c = cos( ) , s = sin( ).
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is the transformation matrix that transfers angular velocities from ℱ to ℱ

Matrix
[15].

1
= 0
0

−
/

/

(4)

where = tan( ). Since the multirotor attitude is close to the hovering state,
is close to
the identity matrix, making the angular acceleration equations in ℱ and ℱ the same.
2.1 Rigid body dynamic model
Multirotor dynamics is described by differential equations that were derived by using
the Newton-Euler method and are the same as those describing a rotating 6-DOF rigid body
[16, 17]. The mass m and the inertia of the body are taken into consideration. By applying
the assumption that the multirotor frame has symmetrical structure, i.e. the principal inertia
axes coincide with the ℱ coordinate axes, the inertia matrix becomes the diagonal matrix
= diag{ , , }.
The rigid body linear dynamics is described by
+

×(

)=

(5)

The angular dynamics is described by
+

×(

)=

(6)

where is the force vector and is the moment vector with respect to ℱ . The generalized
] can be divided into three components: the gravitational vector
force vector = [
( ), the disturbance vector = [
] and the control vector
=[
] .
=

( )+

+

(7)

The control vector
is represented by the product of the control allocation scheme
matrix
and the vector of the propeller squared angular velocities = [
…
] .
] and the moment vector
It consists of the rotor system force vector = [
] .
=[
=

(8)

2.2 Control allocation scheme
Based on the multirotor configuration and the rotor geometric arrangement, a control
allocation scheme can be derived. At first, it is necessary to describe a geometry of connection
between the force/moment actuation and the multirotor configuration.

l
ℱ

Fig. 3 Rotor coordinate systems

The multirotor configuration consists of an arbitrary number of rotors ( ), whereby
each rotor propeller generates an aerodynamic force. It is assumed that the aerodynamic force
consists of the thrust force and the drag torque.
4
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Rotor position and orientation

Rotor position vector
is defined as
cos χ
= sin χ ·
(9)
0
where χ is the i-th rotor angle around the Z axis and is the distance from the rotor to the
COG (Fig. 3). The rotor orientation vector of the i-th rotor
is defined as:
=

(χ ,

) ( ,

) ( ,

)

(10)

(the rotor arm axis), around the
axis
where represents the rotor tilt angle around
and
is a unit vector. If = 0, and = 0, then this is a flat multirotor configuration which
≠ 0, with proper rotor
means that this is a strongly coupled and underactuated system. If
position and propulsion dynamics it will be shown that it is possible to achieve the desired
] and [
] . By tilting the
allocation of the force and the moment in [
rotor around
it is possible to overcome the underactuation property of the multirotor.
2.2.2 Propulsion forces and moments
After the geometry analysis of the multirotor configuration in ℱ is presented, the force
and moment mapping of the rotor system can be derived. The forces and moments that are
generated by the propeller rotation, directly affect the multirotor position and orientation in
space.
Each propeller generates a force vector which can be calculated by the following
equation
=(
where

)

(11)

is the angular speed of the i-th rotor, and

is the thrust force factor Ns .

=

(12)

where
is the thrust coefficient, is the air density, is the area of the propeller disk and
is the propeller radius.
Each propeller also generates a moment vector which can be calculated by the following
equation
=(
where

×

+

)

(13)

is the drag torque factor Nms
=

(14)

where
is the power coefficient.
is the signum of the i-th propeller rotation. The clockwise (CW) rotation is positive and the
counter clockwise (CCW) rotation is negative.
=

(

The thrust force factor
measurements.

)

(15)
and the drag torque factor
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2.2.3 Control allocation scheme matrix
The control allocation scheme is a 6xN matrix where 6 represents three forces and three
moments while N represents a number of rotors. It is derived from equations (11) and (13) by
using the matrix representation of the vector product × = ( ) .
=

…
+

…

+

(16)

2.2.4 Control vector
The rotor system force vector is defined as
=∑

(17)

In the same way, the moment vector is defined as
=∑

(18)

Considering the aerodynamic effects, it follows that the control forces and moments are
proportional to the squared angular velocities of the propellers. As shown in Fig. 1, the
control vector is the input in the rigid body dynamic model. For developing the control design
and the control implementation in an aircraft prototype, it is necessary to calculate the angular
velocity of each individual rotor.
=

(19)

3. Tilt angle analysis of the passively tilted hexarotor
Because the tilt angle determines the mapping of rotor angular velocities on the control
vector, it is necessary to conduct a tilt angle analysis. We provide an analysis of the hexarotor
X configuration with passively tilted rotors, as shown in Fig. 4.

Fig. 4 Fully actuated hexarotor configuration

Clearly, at = 0°, there are no forces in the
plane in ℱ and the moment around
the
axis is relatively small, so there is no possibility to control
and
directly. The
control allocation scheme matrix has rank no greater than four.
By increasing the tilt angle, the force along the
axis decreases and it is necessary to
increase the angular velocities of the rotors in order to keep hover equilibrium. Opposite to
the
axis, the force along the
and
axes increases. In the presented analysis of the
multirotor with six rotors, the control allocation scheme matrix has rank equal to six,
indicating that there are six independent controlled DOFs. It means that it is possible to
overcome the underactuation property of the multirotor and to decouple orientation from
position. It is important to emphasize that for the fully actuated multirotor, it is necessary to
6
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properly select the orientation of the tilt angles in order to achieve static equilibrium. In our
case, all rotors have the same tilt angle and rotors 1, 3 and 6 are tilted CW around the rotor
axis while rotors 2, 4 and 5 are tilted CCW.
It can be seen from Fig. 5 that the multirotor maximum available force map values
depend on the tilt angles as shown with the force ellipsoids. The maximum available force
map values are obtained from the control allocation scheme. By multiplying the map values
with squares of angular velocities we get control forces. As can be seen, by increasing the tilt
angle, we get control over
and . The considered tilt angle is of up to 30 degrees since a
further increase resulted in a significant reduction in the vertical component of the control
force.
10-7
6
4
2
0
-2
-4
-6
1
10-7

0

1
-1 -1 0

10-7

= 10°

= 15°

= 20°

= 25°

= 30°

Fig. 5 Force ellipsoids for different tilt angles

Fig. 6 shows the multirotor maximum available moment map values depending on the
and
slightly decrease, whereas the
tilt angle. As the tilt angle increases, the moments
moment increases.

= 10°

= 20°

= 30°

Fig. 6 Moment ellipsoids for different tilt angles

Force maps also depend on the chosen motors and multirotor dimensions. The tilt angle
analysis is especially important for a further study of agility, power consumption, component
selection, effects of platform size, disturbance rejection, etc.
4. Tracking control
After the verification of the mathematical model of a multirotor type of UAVs through a
series of open loop simulations, the nonlinear control was developed. Since the control design
is based on the fully actuated multirotor UAV it is possible to decouple the attitude and
position control. Therefore, the multirotor does not have to tilt as it flies in a horizontal plane,
which enables more precise aircraft movements.
Under the assumption that during the multirotor flight, the orientation angles remain
near zero [13], the position dynamic model (5) becomes
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=

+

+

=

−

+

=−

+

(20)

+

And the orientation dynamic model (6) becomes
=

+

=

+

=

+

(21)

which is the fully actuated second order system. External disturbances and modelling errors
due to the dynamic model simplification of the original system (7) are represented as the force
]
disturbances
=[
and the moment disturbances
] .
=[
4.1 Control structure of the fully actuated multirotor
The control goal is the asymptotic tracking of the reference trajectory
( )
( )
( )] under preserving the orientation angles at zero, in
( )=[
the presence of unknown external disturbances.
The tracking error variables are
= −

( )

(22)

Fig. 7 Fully actuated multirotor control scheme

4.2 Sliding-mode control (SMC) design
The controller compensates for the unmodelled dynamics and external disturbances by
using the sliding-mode control laws. It is divided into the tracking control, which is basically
a position controller, and the attitude (orientation) controller.
4.2.1

Position controller

The first step is to design the control law for which will stabilize the position tracking
errors .
8
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( )+ +

−

(23)

The control variable force vector is chosen as
( )−

=

−

sign

(24)

where
is a constant positive definite diagonal gain matrix.
of sliding variables and it has the following form

=[

] is a vector

= +

(25)

where is a positive parameter. The diagonal matrix
using the Lyapunov stability analysis [13].
4.2.2

= diag{

,

,

} is defined by

Attitude controller

The aim of the attitude controller is to keep the multirotor orientation angles equal to
zero since the purpose of the controller is to achieve aircraft movements without the need to
tilt.
=

+

(26)

The control variable moment vector is chosen as
=−
where

−

=[

sign( )

(27)

] is the vector of sliding variables and it has the following form
=

+

(28)

The diagonal matrix
= diag{ , , } is defined by using the Lyapunov stability
analysis [13].
The proposed control design provides asymptotic tracking of the reference trajectory
with external disturbance rejection. Although the control goal is satisfied, the discontinuous
controller suffers from the chattering phenomenon. Therefore, the RISE control design is
introduced which eliminates the control variable chattering.
4.2.3

Comparison between SMC designs of flat and of non-flat multirotor
configurations

By comparing the presented controller in the non-flat multirotor configuration
(NFMRC) with the controller in the flat multirotor configuration (FMRC) presented in [13],
several advantages of the NFMRC should be emphasized. In the case of the NFMRC, the
closed-loop error dynamics is of the second order for each DOF, so that only the position and
velocity measurements are needed for the controller implementation. In the case of the
FMRC, the closed-loop error dynamics for the positions and are of the fourth order, so
that additional filters for the estimation of the second and third position derivatives are
necessary. Such a controller is more demanding for implementation and conditions for the
closed-loop stability are more complex.
Further, the SMC gains in the case of the NFMRC depend only on the maximum
amplitude of external disturbances, while in the case of the FMRC, the SMC gains depend
also on the second derivatives of external disturbances in the horizontal X-Y plane. In other
words, the SMC in the FMRC is more sensitive to wind gusts in the horizontal plane, even in
the case of small amplitudes.
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4.3 RISE control design
Chattering can be described as high-frequency oscillations of the actuator dynamics
which results in actuator failure in a real system. To overcome the chattering problem of
control variables and preserve the tracking properties of the sliding mode controller, a RISE
control design is proposed.
The control variable is chosen as
( )−

=
where = [
following form

+

(29)

] is a vector of RISE controller variables. Its derivative has the
−

=−

sign

(30)

where
= diag{ , , }, and
is the constant positive definite diagonal gain matrix.
With the proposed controller, high-frequency switching of the control variables is avoided,
since the chattering caused by the discontinuous signum function is filtered by the integrators
in (30).
The positive definite gain matrices
, ,
and the positive parameter satisfy the
stability conditions which are adopted from [14] for the case of constant gravitational forces
{

}>2

(31)

{ }>

+

+

( )

+

(32)

{. } represents the minimal matrix eigenvalue, ‖ ( )‖ =
where the notation
max ∑ | ( )| for some vector ( ), and > is the upper estimation of the multirotor
mass .
5. Simulation results
The system is tested in numerical simulations by using the 4th order Runge-Kutta
method with a fixed time step.
The physical parameters of the rigid body are:
= 0.0049 Nms ,
= 0.0058 Nms ,
= 0.0095 Nms , = 1.2 kg, = 9.81 m/s .
The physical parameters of the rotor dynamics and geometry of the passively tilted
hexarotor X multirotor configuration are:
= 6.7 × 10

Ns ,

= 1.8 × 10

The reference trajectory chosen for
( ) = cos(0.5 ) ,

Nms ,

= 0.175 m,

= 20°,

= 0.

( ) is
( ) = sin(0.5 ),

( ) = 0.5 .

(33)

The initial conditions are: (0) = 0.5, (0) = 0, (0) = 0, (0) = −10°, (0) = 10°
and (0) = 60°. All other initial conditions are set to zero.
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External disturbances have been introduced, such as wind gusts, which affect the control
force vector in different time samples, which can be modelled by the forces
,
and
.
=

(

)

(34)

=

(

)

(35)

=

(

)

(36)

Where is the total simulation time.
The SMC gains for , , , ,
and
are chosen as:
= diag{5 5 5},
= 1.5 and
=
=
=
=
=
= 10. The controller gains are chosen in
= diag{2.5 2.5 2.5} and
accordance with the stability conditions (31) and (32):
= 2.5.
In Figures 8-10, we can see simulation results for the SMC of a fully actuated multirotor
in the case when external disturbances are introduced. The proposed controller provides
exponential tracking of the reference trajectory while preserving the orientation angles equal
to zero, which can be seen in Fig. 8.

e z (m)

e y (m)

e x (m)

Fig. 8 Position and orientation of multirotor in closed-loop SMC in the presence of external disturbances

Fig. 9 Position errors of multirotor in closed-loop SMC in the presence of external disturbances
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Fig. 10 The multirotor and reference – SMC

FZ (N)

FY (N)

FX (N)

Although the SMC provides asymptotic tracking of the reference trajectory, highfrequency oscillations of control variables occur. In Fig. 11 we can see control forces for the
SMC in the presence of external disturbances, which are shown in Fig. 12.

dmz (N)

dmy (N)

dmx (N)

Fig. 11 Forces of multirotor in closed-loop with SMC control in the presence of external disturbances

Fig. 12 External force disturbances

FZ (N)

FY (N)

FX (N)

Figures 13-15 show simulation results for the proposed RISE tracking controller in the
case when external disturbances are present.

Fig. 13 Forces of multirotor in closed-loop with RISE control in the presence of external disturbances
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e z (m)

e y (m)

e x (m)

Fig. 14 Forces of multirotor in closed-loop with RISE control in the presence of external disturbances

Fig. 15 Position errors of multirotor in closed-loop RISE control in the presence of external disturbances

In Fig. 13, the cancellation of the chattering phenomenon can be seen. The RISE control
design shows satisfying results for asymptotic tracking in the case when external disturbances
on the multirotor occur. In addition, the RISE control decreases the magnitude of error as
shown in Fig. 15.
6. Conclusion
In this paper, a control allocation scheme for a multirotor UAV is presented. It describes a
mapping of the rotor angular velocities to the control vector, which is necessary for the
controller implementation in a multirotor system. It also enables an analysis of various
multirotor UAV properties in order to design a multirotor configuration for different purposes.
By analysing the force and moment mapping it is possible to design multirotor configurations
which overcome the underactuation property of flat multirotor configurations. Configurations
with six or more passively tilted rotors can achieve full controllability, therefore it is possible to
decouple position from orientation. The control design is based on the fully actuated multirotor
UAV with a decoupled position and attitude control. SMC control laws were considered for
robust tracking of the reference trajectory in the presence of external disturbances. The
simulations have shown that the control goal is satisfied but it is necessary to eliminate the
chattering phenomenon of control variables. For this purpose, a RISE controller is proposed for
a fully actuated multirotor with passively tilted rotors. The presented simulation results shown
that the proposed RISE controller provides cancellation of chattering for the case of asymptotic
tracking in the presence of external disturbances on the multirotor.
Future work will focus on the multirotor configuration design based on identified and
estimated physical parameters of the rotor system. The designed prototype will be used for the
implementation of the control allocation scheme and the tracking control algorithms.
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